Many epithelial tissues within large multicellular organisms are continually replenished by 6 small independent populations of stem cells. These stem cells divide within their niches and 7 differentiate into the constituent cell types of the tissue, and are largely responsible for main-8 taining tissue homeostasis. Mutations can accumulate in stem cell niches and change the rate 9 of stem cell division and differentiation, contributing to both aging and tumorigenesis. Here, 10 we create a mathematical model of the intestinal stem cell niche, crypt system, and epithelium. 11 We calculate the expected effect of fixed mutations in stem cell niches and their expected effect 12 on tissue homeostasis throughout the intestinal epithelium over the lifetime of an organism. We 13 find that, due to the small population size of stem cell niches, fixed mutations are expected to 14 accumulate via genetic drift and decrease stem cell fitness, leading to niche and tissue attrition, 15 and contributing to organismal aging. We also explore mutation accumulation at various stem 16 cell niche sizes, and demonstrate that an evolutionary trade-off exists between niche size, tissue 17 aging, and the risk of tumorigenesis; where niches exist at a size that minimizes the probability 18 of tumorigenesis, at the expense of accumulating deleterious mutations due to genetic drift. Fi-19 nally, we show that the probability of tumorigenesis and the extent of aging trade-off differently 20 depending on whether mutational effects confer a selective advantage, or not, in the stem cell 21 niche.
Introduction
(Z) → (Z − 1) at rate δZ,
(X 2 ) → (X 2 + 1) at rate λX 2 , (X 1 , X 2 ) → (X 1 , X 2 + 1) at rate λX 1 .
The time-dependent means of this system satisfy the ordinary differential equations:
. . . d dtȳ 2 (t) = 2γȳ 1 (t) − γȳ 2 (t, ) d dtȳ 1 (t) = νx 2 (t) − γȳ 1 (t), d dtx 2 (t) = λx 1 (t) + λx 2 (t) − νx 2 (t), d dtx 1 (t) = 0, we model X 1 as a fixed population size.
(1) Figure 1 : The general architecture of a crypt system. Population names are within the boxes and the rates at which cells accumulate within or are transferred between populations are next to the arrow portraying their transition.
Setting the left-hand sides for each equation in the system (1) to zero, we can solve for the 92 steady state mean of the terminally differentiated population, Z . We find that Z can be 93 expressed in terms of the system's rate parameters and the stem cell niche population size X 1 .
94
The steady state Z (Eq. 2) is a function of all of the rate parameters in the system except the 95 TA cell division rate:
This function is used in subsequent analyses to calculate how mutations to the various rate 97 parameters change the tissue population size. Of note, a prediction of this model is that a 98 mutation to either division rate or differentiation rate will result in an amplified effect on the 99 proportion of change in steady state post-mitotic cells. That is, if λ 0 is mutated to λ 1 , the 100 proportional difference in the post-mitotic cell population is 
Model Parameterization
intestinal tract in the mouse, hence we take the median value of certain parameters that vary 136 from proximal small intestine to colon (as described above). We note that if one was interested 137 in the effects of steady state terminally differentiated population size in just the proximal small 138 intestine or colon this analysis may overestimate or underestimate the effects, respectively, 139 since there are more stem cells dividing faster in the colon than the proximal small intestine.
140
Additionally, the large intestine TA cells may undergo more rounds of division than the small 141 intestine TA cells [Potten, 1998] .
142
Intrinsic mutational effects. 
where β = 1 s− and α = 1 s+ . Distributions that are more leptokurtic than exponential, and/or A new lineage with a division rate relative to the background division rate λ λ0 has probability of eventually replacing the original lineage
We use Bayes' theorem to calculate the probability density of the division rate given the mutant lineage fixed,
and, redefining Eq. 5 such that f 1 (λ) is equal to the density given the first fixation of a mutant 198 lineage, we calculate the expected value of the division rate of this new lineage:
Note that we can extend this analysis to the accumulation of mutations that do not alter 201 the fitness of stem cells within the niche by changing Eq. 4 to be equal to 1 X1 , the probability of 202 fixation of a neutral mutation. Additionally, mutations that affect differentiation rate can also 203 be modeled using Eq. 3 by switching the direction of effect such that beneficial mutations now 204 decrease the differentiation rate (i.e. increase the lifetime of the cells).
205
the accumulation of mutations throughout all crypts. We calculate probability 207 densities describing the division rate of m subsequent fixed mutations, and the probability of 208 tumorigenesis they confer, according to the recursive formula
From Eq. 6 we can calculate the expected value of division rate given m mutations, which is 210 the expected value of these probability densities:
We model the rate at which new lineages arise and fix in the crypts as being constant over 212 time with rateμ =pµλ 0 X 1 , wherep is the total probability of fixation 
Thus, we can estimate the total number of crypts with m mutations as the organism ages.
218
Calculating the probability that fixed mutations initiate tumorigenesis. For 219 part of our analysis we juxtapose the expected magnitude of tissue change with the risk of 220 tumorigenesis for a given stem cell niche size. We define the initiation of tumorigenesis as 221 the moment when the division rate of stem cells, λ, becomes greater than the differentiation 222 rate of stem cells, ν, thus initiating exponential growth within the tissue. We calculate this 
where Z Total is equal to the total number of crypts times the number of post-mitotic cells 234 produced by a crypt with no fixed mutations, Z Normal .
235
Mutations that do not affect stem cell division rate fix neutrally in the stem cell niche, fixed mutation among the niches, we can simplify Eq.8 to
where Z 1 Z 0 is the steady state population size of the post-mitotic cell population after one fixed 247 mutation divided by the healthy population size with zero mutations (Eq. 2). When mutations 248 alter the division rate the fraction
and θ = ν λ0 . Thus, Eq. 9 simplifies to
When mutations affect the differentiation rate of stem cells, the fraction
In this case Eq. 9 simplifies to 253 and the derivative of this function with respect to time is: fixed mutation continues to decrease as the expected value of a deleterious mutation increases.
304
Alternatively, larger stem cell niche population sizes are less prone to deleterious mutations 305 fixing through drift, and as the expected effect of deleterious mutations increase, there is a 306 point at which deleterious mutations become less and less likely to fix. Given a fixation event, 307 it is likely the mutation conferred a beneficial effect. Expected deleterious fitness effect Figure 3 : The expected value of division rate divided by the original division rate, r λ , versus s − , the expected mutational effect given a deleterious mutation, for the stem cell niche sizes of 20 and 6. Here, s + is 0.061 and P B is 0.0575.
When mutations affect differentiation rate. Since the differentiation rate phenotype is 309 not expressed in the niche, all mutations to this rate fix neutrally, and the expected value of ν 310 given a fixed mutation does not depend on niche population size . Because the vast majority of 311 mutations are deleterious, the expected value of mutations is always deleterious in the absence 312 of selection.
Mouse and Human Stem Cell Fitness is Expected to Decrease
with Age, Reducing Tissue Renewal
315
As demonstrated in section 3.1, the fitness of stem cells is expected to decrease as mutations 316 accumulate in stem cell niches. This results in diminished whole-tissue population sizes as 317 mutations accumulate throughout the crypts within the tissue in mice (Figure 4 ) and humans 318 ( Figure 5 ). We find that the linear approximation described in section 2.4 provides a good 319 approximation to the simulated curves and we thus employ this approximation in estimating 3.3 There is an evolutionary trade-off between tumorigenesis and ag-329 ing mediated by stem cell niche size. 330 We vary initial stem cell population size, along with the total number of crypts in the system, 331 such that the total output of crypts, i.e., healthy tissue, remains constant. This analysis was 332 initially conducted using the crypt parameters described for the mouse in Table 1 the probability of tumorigenesis ( Figure 6A ). However, at this crypt size, the expected value 338 of the epithelium tissue size is expected to decrease over a lifetime due to the accumulation 339 of deleterious mutations in stem cell niches ( Figure 6B ). Furthermore, when mutations affect differentiation rate and fix neutrally, the probability of tumorigenesis is minimized for large 341 stem cell niche sizes ( Figure 6C ) and the expected effect on tissue size is invariant to stem cell 342 niche size ( Figure 6D ). As the true mutational parameters governing somatic tissue evolution 343 are unknown, we do not wish to analyze the predicted magnitude of tumorigenesis and aging 344 presented here, but rather the trade-off that exists between niche population size, drift, and 345 selection among mutations that confer a selective advantage and those that fix neutrally. The 346 nature of the dynamics presented in Figure 6 holds true for a large range of mutation parameters.
347
For instance, we next analyzed this evolutionary trade-off when considering the parameters 348 discussed in Section 2.4 for the human colon (Figure 7) . We find that the probability of a 349 tumorigenesis event is minimized at a similarly small population size when mutations affect 350 division rate, and there is a higher probability of tumorigenesis and larger change in population 351 size for all human scenarios when compared to the results from the mouse model.
352 Figure 6 : An Evolutionary Tradeoff with Niche Size in Mice. For scenarios where mutations affect division rate, tumorigenesis is minimized at an intermediate population size (A), at the expense of fixing deleterious mutations and decreasing tissue renewal (C). For scenarios where mutations affect differentiation rate, tumorigenesis is minimized for large population sizes (B), and the effect of mutation accumulation on the epithelium is independent of niche size (D). The black vertical dotted line is placed at 6, the median niche size measured in the mouse. Figure 7 : An Evolutionary Tradeoff with Niche Size in Humans. For scenarios where mutations affect division rate, tumorigenesis is minimized at an intermediate population size (A), at the expense of fixing deleterious mutations and decreasing tissue renewal (C). For scenarios where mutations just affect differentiation rate, tumorigenesis is minimized for large population sizes (B), and the effect of mutation accumulation on the epithelium is independent of niche size (D). The black vertical dotted lines are placed at 6 and 20, the reported stem cell population sizes in humans.
Discussion

353
The effects of mutational target on optimal stem cell niche size. maintain homeostasis, and a higher probability that any one crypt will obtain a rare mutation of 360 large effect that would result in tumorigenesis. As stem cell niche size increases, the number of crypts needed to maintain the same amount of epithelium decreases, and so does the probability Adam Eyre-Walker and Peter D. Keightley. The distribution of fitness effects of new mutations.
